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Abstract. For any positive integers n and X c'™'") is called the Siegel-Jacobi space, with 

the Jacobi group acting on it. The Jacobi forms are defined on this space. In this article we compute the 
Levi-Civita connection of the Siegel-Jacobi space and use it to obtain derivations of Jacobi forms. In degree 
one case, we show how the raising, lowering and heat operators come out in this method and also give some 
new meromorphic differential operators. In higher degree cases, we obtain generalizations of these operators 
in determinant form. Besides these, we get a series of invariant differential operators on lfl[7i,m ■ 



1. Introduction 

The theory of Jacobi forms was studied by Eicher and Zagier in their book |8j , and later Ziegler developed 
the theory of higher degree Jacobi forms ([H])- Jacobi forms are functions on the Siegel-Jacobi space and 
can be viewed as automorphic forms of the Jacobi group, and play an important role in number theory. 

The differential operators for Jacobi forms are studied by Berndt and Schmidt by means of representation 
theory and Lie algebra in [2] , especially they give the raising and lowering differential operators X± , Y± . 
As for higher degree cases, there is no complete result except for Jacobi forms on H x C™, whose linear 
differential operators are given by Conley and Raum ([7]). 

In the paper |14) . Yang and Yin introduced a new method to study the derivative operators of Siegel 
modular forms, that is using connections on the Siegel space to get the derivation of modular forms. Jacobi 
forms can be viewed as a generalization of modular forms, and so we can apply and develop this method to 
the Jacobi case. 

Let's recall the theory of Jacobi forms first. For given fixed positive integers n, m, let H„ be the Siegel 
upper half plane of degree n, and H„,„ H„ x C^™'"), called the Siegel-Jacobi space. An element of H„ 
can be written as {Z, W) with Z = Z*^ = (zij) e Af„,n, W = (wrs) G Mjn,n- 

Let Sp(n,R) be the symplectic group of degree n, and define 

{(A, /i; k) I A, ^ e M^™'"), K e R^"'"), k + ^iA* symmetric} 
It is called the Heisenberg group, and endowed with the multiplication law: 
(A, fi; k) o (A', fi'; k') = (A + A', + fi' , k + k' + AV - 

The Jacobi group of degree n, index m is defined to be G'^ :— Sp(n, R) k endowed with the following 

multiplication law 

(m, (A, ^; k)) • (m', (A', fi'; k')) = (mM', (A + A', Jl + h';k + k' + A//* - ^A'*)) 

with M, M' e Sp(?i, R); (A, fi; k), (A', fi'; n') e i7^"'"^and (A, Jl) = (A, fi)M'. G-^acts on H„,„j by 

(m, (A,M;K))-(Z,Ty) = (^M ■ Z,{W + XZ + fijiCZ + D)-^'^ 

Definition 1.1. A (holoniorphic) Jacobi form / of weight k and index M, with M a positive definite half 
integer ni x ni matrix, is a (holomorphic) function on EI„_m, which satisfies the translation law of : 

W)) = det(CZ + D)" ■ e^-V^riMW^cz+Dr'cw^-Mixzx^+2^w^-^.^^)) j^^^ W) (1.1) 
A B 



For g = n ^ ^ j ,(A,^,K))e G' . 
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The set of Jacobi forms of weight k and index M is denoted by Jk,M, and the subset of holomorphic 
Jacobi forms are denoted by Jj^°lf. For details of Jacobi forms we refer to fR* and |19) . 

The idea in this article is that if we view the Siegel- Jacobi space as a Rieniann surface with an invariant 
metric under the Jacobi group, then the connection associated to this metric maps invariant sections to 
invariant sections. Thus we can get differentials of the invariant vector bundles, especially, derivations of 
Jacobi forms. 

In section 2 we recall the concept of Levi-Civita connection and in the Siegel- Jacobi space case, this 
connection D can be computed out and will be given by matrix form, the explicit proof will be given in 
section 5. 

In section 3 we consider the degree one case in detail. By taking connections on the invariant form 
h = fy'^ex-p{—4:TTmv^/y)f, we get two raising operators Di and I?2(written as X+,Y+ in (2) and the non- 
holomorphic heat operator. With more transformations we obtain the lowering operators i5i , ^2 (written as 
in 2 ). Our proof can be generalized to higher degree cases easily. 

In modular case, we not only have non-holomorphic differential operators but also the holomorphic Serre 
derivatives. In the Jacobi case, we see that things are similar. The Eisenstein series and twisted Eisenstein 
series are called quasi- Jacobi forms in [TU], and are used to define holomorphic or meromorphic differential 
operators for index Jacobi forms. We will generalize these in Theorem 3.6 to general Jacobi forms, and 
obtain several meromorphic differential operators. One of these operators is correspondent to the Serre 
derivative for modular forms via the famous isomorphism J^°' ~ -^^fe-i 

In section 4 we consider higher degree cases. As for Jacobi forms on M x C™, things are almost the same 
as the degree one case, but now we get not two but m + 1 raising operators and lowering operators. Also we 
can define the heat operator and change the non-holomorphic operators into meromorphic ones in Theorem 
4.3. 

As for higher degree cases with n > 1, we are not able to get linear operators. However we can define some 
operators in the determinant form, including both raising and lowering and the heat operator, generalizing 
the classical case. Explicitly we get 

Theorem 1.2. Let f e Jk.m be a Jacobi form on H„^„j. Then we have 

(a) Ifn = m, Di{f) = det(^ + ATry^{Y-^V* M)f) e Jnk+i.nM ; Si{f) = det(^r) e Jnk-i,nM- 

If n < m, choose any n rows of the matrix above and take determinant, we still get Jacobi forms in 
Jnk+i,nM and Jnk~i,nM respectively. 

(b) Lm(/) = det(-87ry^|| + - AnkfY-^ + 2nmfY-^) e Jnk+2.nM; 
D^if) = det(|| - ^/r-i + 2T:V^Y-^V'MVY-^f + ^VY~^) e J„fe+2,„M; 
S2{f) = det{§Y^ + ^VY) e J„fc.2,„M. 

Details of Theorem 11.21 are given in Theorem 4.5, 4.9, 4.11, and 4.13. 

Besides these, we can obtain the following holomorphic operators like the Rankin-Cohen brackets: 



Theorem 1.3. Let f be in Jki,Mi, 9 in Jk2,M2 '^^ M.n.m, then 
{a)Ifn = m, deX{M2§^g - Mi-§^f) G Jn(ki+k2)+i,nivhJVh- 
(b) In general, 




is a Jacobi form of weight (fci + A;2) + 1; index nMiM2. 

Using these results, we obtain the following explicit invariant differential operators: 

Theorem 1.4. There exists operator matrix Y-Y^ which is invariant differential operator matrix on Wn^m, 
thus each of the {k,l) entries of this matrix is an invariant differential operator on IHI„^„i. And there are 
operators i,Uk,i,Vk^i which are also all invariant differential operators. 

These operators are defined in section 4.3. 



DERIVATION OF JACOBI FORMS FROM CONNECTIONS 



3 



2. Levi-Civita Connections of Siegel-Jacobi Space 

We recall some basic facts of the Riemann Geometry from [3]. Suppose that M is a smooth manifold, E 
is a vector bundle on Ad and T{E) is the set of global sections. A connection on E is a map 

D :r(£:) ^T{T{M*)®E) 

satisfying the following two conditions: 

(1) For any sections si,S2 G r(-B), 

D{si + S2) = D{si) + D{s2) 

(2) For any section s G T{E) and any a e C°°(M), 

D{as) = da® s + aD{s) 

If M is a Riemann surface with a Riemannian metric g = gijdu^du^ , then there exists a unique torsion- 
free and metric-compatible connection, called the Levi-Civita connection whose Christoffel coefficients F^^ 



satisfies 



2^ ^dui 



(2.1) 



du^ dv} 

where g'^^ means the i, j factor of the inverse matric of {gij)- We will compute the Levi-Civita connection of 
the Siegel-Jacobi space. 

We first need to know the invariant metric of the Siegel-Jacobi space, inp[6j, J.-H Yang proved the following 
theorem: 

Theorem 2.1. For any two positive real numbers A and B , the following metric 
dslm:A,B ^ATr{Y-'dZY-'dZ) 

+ B{TT{Y-^V*VY-^dZY-^dZ) + Tr{Y-\dWydW) 
- Tr{VY~^dZY-\dW*)) - TriVY-^dZY-\dWY)} 
is a Riemannian metric on Mn.m, which is invariant under the action of the Jacobi group . 
The symbols Y, V denotes the imaginary parts of Z and W respectively, and 

( dzi^i dzi^2 ■ ■ ■ dzi^n \ ( dw\^\ dwi^2 ■ ■ ■ rfwi.n \ 

dz2,i '• : dw' 



dZ = 



dW = 



2,1 



So by the Levi-Civita connection associated to this metric, denoted by D, is invariant under the action of 
G'^ , i.e. gD = Dg for any g e G'^ . Especially, D maps invariant sections to invariant sections, and we can 
use it to get differential operators for Jacobi forms as the modular case given in [14]. 

Now we can compute the Levi-Civita connection. We first look at the case when n = m = 1. In this case, 
the invariant metric becomes 



ds\ g = Ay "^dzdz 4 
So the metric matric is written as 

/ 

9 = 

and 



B{v'y 



'^dzdz + y ^dwdw 



vy ^dzdw — vy "^dwdz) 



A 

2y2 





Bv 
"2^ 



2y3 



A 
2^ 





Bv 
2y2 







Bv 



_B 

2y 



_ Bv 



B_ 

2y 
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And by the formula (2.1), we can get the connection matrix w with Wij = T^^du'' 

-{^ + 4)dz+^dt-u 



W ■ 



2A 



\ 



- —dz-^dw 

V 





—dz—dw 



Thus we get 



''^d.z+i^ + ^)d6 



' By ^ y / 



Ay 



-dzdw 



IB 



{dz, dw) 



/-I 
y 



_2Ay^ 
-IBv 



2Ay 



D{dw) 



2Ay3 
{dz, dw) 



dz^ + (- 



2Ay 

IBv^ 



2A 



2A 

dz 
dw 



-dw' 



Ay^ 



-)dzdw 



IBv 



2Ay 



-dw' 



2Ay3 
-2AP ^ 

r^Bv^ 



-IBv^ 



2y 



2Ay^ ' 2y 
2Ay 

dz 
dw 



dz 
dw 

-dzdw 



-1 



\ 2Aip 2Ay J 

For higher degree cases, we have the following results: 

Theorem 2.2. Let D he the Levi-Civita connection on the Riemann surface Mn^m associated to the invariant 
metric in Theorem 2.1, then D satisfies 



D{dZ) = ^^^{dZ,dW') 



-VY-^ I 



dZ 
dW 



(2.2) 



D{dW) 



/^B 
2A 



VY-\dZ, dW^) 



-VY-^ 



-Y-^V* 
I 



dZ 
dW 



where D{dZ)means 



+ ^^^dWY''^dZ 
( D{dzn) D{dzi2) ■ 

D{dz2l) 



D{dzi„) \ 



and D{dW) is similar. 



(2.3) 



\ D{dZnl) . . . D{dZn„) I 

The proof of the theorem by direct computation is given in the last section. 

Remark 2.3. Actually, the connection is divided into two parts: the holomorphic part I?^'" and the non- 
holomorphic part Z)"'^. In the above theorem, we are considering holomorphic sections, which vanishes 
under the action of the non-holomorphic 13°'^. In general, the holomorphic and non- holomorphic part are 
conjugate to each other, and for simplicity, we will only consider the holomorphic case, and still write it as 
D. 



3. Differential operators on Jacobi forms of degree 1 

In this section we will use the connection obtained in section 2 to get some differential operators on the 
classical Jacobi forms, including the Raising and Lowering operators and the non-holomorphic heat operator. 
These operators are well known in [2 , but we get them in a different way. And we will see later that this 
method can be generalized to higher degrees. We will also consider the holomorphic and meromorphic 
differential operators in the Jacobi case and get a series of new differential operators in the last subsection. 
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3.1. Jacobi Forms on Hx C: Raising Operators and The Heat Operator. We first consider invariant 
functions. Let h be in Jo,Oj tliat is, a function invariant under the action of G"^ . So if we view it as a section 
of a line bundle, by the invariant property of the Levi-Civita connection D, we have that 

, 9/i , 9ft. , 
D{h) —dz+—dw 
oz ow 

is invariant under the action of G'^ . 

For any g — (^M ~ ^ ^ d ) ' ^ ^ ^'^^ ~ ^^^'^ ^® easily seen that 

dz = ^——rdz, 

{cz + dY 



Thus 



^ 1 —cw — cfi + dX 
dw — -dw H — dz. 

cz + d [CZ + rf)^ 

dh^ dh ^ dh 1 ^ dh 1 ^ dh ~cw — Cfx + d\ ^ 
dz dw d'z [cz + d)2 dw cz + d dw {cz + dy 



Compare both sides of the equality above, we see that 

dh 1 dh 



dw cz + d dw ' 

and so -0^ is a weight 1 index Jacobi form. 
Continue taking connection on D{h). 

Wh))=Di§^dz^^dw) 

dh , 52/1 „ 92/1 , , dh , d^h ,2 , , 

= -TT-D[dz) + TT^dz + ———dzdw + ——Didw) + —^dw + ———dzdw 
dz d'^z dzdw dw d'^w dzdw 

This is also invariant under the action of G'^ . Denote 

D{dz) = Tidzdz + T2dzdw + T^dwdw, 

D{dw) = T'ldzdz + T'2dzdw + T'^dwdw. 
Now compare the dw"^ term in (3.1) with its translation by G"^ , we obtain that 

dh d'^h dh ^ 

(it ^3 + -7^ + Ti-rg 
dz d^w dw 

is invariant if we ignore the dz part of dw'^ , and this means that 



dh_ , d^h . dh^, , . . d'^h dh 

So 



az a^w aw 02 d'^w dw 



(3.1) 



r3 + — + — (3.2) 



(9ft d^h dh 
— Fa H \ 

dz d^w dw 

is a weight 2 index Jacobi form. 

Now we consider the general case. Let / e Jk°M be a holomorphic Jacobi form, with M now an integer, 
then it is known that the function ft = fy'^ cxp{—4:TrMv'^/y)f is invariant under the action of G'"^(|8]). 

So as we obtained above. 



"H- = T—y exp(~47rMw /y)/ H // 

dw dw dw 

= 1^?/'= exp(-47rMz;V2/)7 + 47rMv^-/2/'' exp(-47rMwV2/)7 
aw u 



(3.3) 



is a Jacobi form(non-holomorphic) in Ji^o 

dw 



Since h — fy^ exp(— 47rMv^/?/)/ is invariant, dividing h, then f^// + 4'7rMV— T- is still in Ji^o- But / 



is in Jk.M^ so multiplying /, we obtain that 



^i(/):-|^+4^AfV^-/ (3.4) 
dw y 
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is a weight A; + 1, index M Jacobi form. 

Let h\ = y*^ exp(— 47rMi;^/2/), so ft, = fh\f. Now consider the twice differential (3.2). By expUcit 
computation, 

dh d^h dh _df dhi d df ^ dhi c^/ -J dhi , 

0^; o^w atz; o^; oz ow ow aw ow aw 



\ y t/2 2/2 2?/ ?/ 



And so that 



ow' y ow oz \ y y' y' 2y y ) 

is a weight k + 2 and index M Jacobi form. 

In particular, when M 9^ 0, by Theorem 2.2, we can let Ts = -87rMv^,r^ = -8^TM^/^^, and it 
follows that 

^ , — df 2M7r-4M7rfc, ^ , 2Mn - AMnk 



Lk,Mif) - TTI - S^AfV^-:^ + / = LmJ + / (3.5) 

aw^ oz y y 

is a weight k + 2, index M Jacobi form. 

When M = 0, we have known that ^ is in so^^^ is in Jk+2,o- Then the same holds as in the case 

M ^ 0, Lk^Mif) is still a weight k + 2, index M Jacobi form. So we get the non-holomorphic heat operator 

in all the cases. 

Also, as we have seen in (3.2), f|r3 + f^Fg is in J2,o- Now let h = fhif and Fa = 1, then 



+ — r' =^iiMl + ^iihll^L 

dz dw ^ dz dw y 



=J-hJ-27rMy/^-fhJ- :^^fhj+ --LhJ+AnMy/^-fhJ 
oz 2y y ow 



oz y' 2y y ow 



Multiplying ^, we get the operator 

y dw ' dz ' "y2-' 2y 



«./-?|i + l^ + 2,MV^^!/-^/. (3.6) 



from JkM to Jk+2M 

Remark 3.1. In the case M is zero, we see that 

vdf ^df V^k ^ 

y dw dz 2y 

is a index Jacobi form of weight k + 2. When a modular form is viewed as an index Jacobi form, since 
now ^ = 0, we see that this operator reduces to the non-holomorphic differential operator ff — of 
modular forms. 

Now we consider tlie case / is not holomorphic, we have 

But we remark that in this case what we get above in this chapter are still right. In fact, let /o be 
any holomorphic Jacobi forms with the same weight and index as /, then &■ is invariant under the action 

of the Jacobi group G'^, so instead of taking connections on h = /j/'^ exp(— 47rMt;^/y)/, we can compute 
the differential of ho = fy'^ exp{—4:TrMv'^ /y)fo, which is also invariant, following the same procedure we 
will get all the operators as above. Especially, the differential operators Lk,Di,D2 preserve the space of 
non-holomorphic Jacobi forms. 
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3.2. Jacobi Forms on H x C: Lowering Operators. Besides the raising operators, we can also obtain 
the lowering operators in this method. Compare (3.3) with (3.7), we see that ^y*^ exp(— 47rMi;^/?/)/ is in 
Ji,o, so is |2/7 . Thus 

is invariant under the action of G'^, and so is its conjugation {§=/ D'^d'z. Since y'^^dzdz is also invariant 
under G'^ by its translation formula, dividing it, we see that 

(t^// V ■ -T- 
ow az 

is also an invariant form. Thus we obtain that ^ • ^ is a weight -1, index Jacobi form by the translation 
law of dz. At last, we get a Jacobi form with weight A; — 1, index m: 

Sii.f):=^y (3.8) 



Similarly, compare the holomorphic and non-holomorphic case for §| + we see that 



df df V 

( a~ + a )hifdz 

oz ow y 



is an invariant form. Taking conjugation, this becomes 



df df V - 
(^ + -^-)hifdz 
dz dw y 



Dividing hy '^dzdz as above, we get 



2df df 



SM):^y^^+vy^ (3.9) 



as an operator from Jk,M to Jk^2,M- 

Now we have the concluding theorem of the above two subsections: 

Theorem 3.2. The differential operators Di, D2, Si, 62, L^^m maps a weight k Jacobi form to a Jacobi form 
of weight k + I, k + 2, k — l,fc — 2,fc + 2 and of the same index respectively. 

Remark 3.3. The four differential operators Di,D2, 61,62 are just the differential operators 1+, X+,Y-, X- 
on page 59 of [2] up to a constant, they form a basis of the linear differential operators of the Jacobi forms, 
and all other linear differential operators come from the composition of them. We get them again in this 
way as a new explanation, and we will later generalize this method to higher degree cases. 

3.3. Holomorphic(meromorphic) DifTerential Operators. In the modular form case, besides the non- 
holomorphic differential operators, we also have holomorphic differential operators obtained by Eisenstein 
scries, called Serre derivations, see[T3]. In the Jacobi form case, in [T^, Libgober used Eisenstein series and 
the "twisted Eisenstein series" to get holomorphic or meromorphic differential operators in index case. We 
can generalize these to the general case. 

Definition 3.4. ([ID]) The twisted Eisenstein series on H x C is given by the series 



1 

(nr. 4- 



Gn{z,w) = T , I, , 

(az + b + wy' 



The series G'„(z, w) converges absolutely for n > 3 and for n = 1, 2 is defined via "Eisenstein summation" as 



=A b=B 



E (•) - E E (•) 

(a,h)GZ2 a=-A b=-B 
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These series are associated with the Eisenstein series by the following formula 

Gn = lim {Gn{z,w) \-) 

to->0 W 

where G„ is the Eisenstein series defined by 



^" " ^ (ar + by 



We have the following propositionf |10|). 



Proposition 3.5. The functions On are meromorphic, and we have G„ G Jnfi for n > 3; Gi + 27r\/— 1^ e 
■^1,0; G2 — G2 G J2,o- 

Proof. When ?i > 3, the series converge absolutely, so by definition we easily see the proposition holds. Since 
we have: 



2m— n 



and 



So for n = 1, 2, 



^^^az+_b = (cz + dfG2{z, w) - 27r^c(cz + d) 



g + J ^ , ^ d)Gi(z,-u;) + 27r\/^cw 

cz + a cz + a 

Gi(z, w + Az + /i) = Gi(z, w) — 2tt\/—1X 

,az + b w ^ , 



Gi{ -, -) = (cz + rf)^G2(z, w) - 27rV^c(cz + d) 

cz + a cz + a 

G2(z, w + Xz + ^) ^ G2(z, w) 

And let a{z,w) = |, it is easily seen that 

az + b w 

a( -, -) = [cz + d)a[z, w) — cw 

cz + d cz + d 

a{z, w + Az + /i) = a{z, w) + X 

This ends the proof. 



□ 



Let El = -^^^Gi. The above proposition tells us that i?i — ^ e Ji o- Also, in [18], we have seen that 
G2 — is a modular form of weight 2, thus G2 — ^ G J2.o- Combining these and the above proposition as 
well as the non-holomorphic differential operators we got before, we can deduce the following theorem, the 
index case of which is known in |10) . 

Theorem 3.6. Let f be in Jj^°J^f, then 

(a) ^-T- ~ SttA/-^/— iS^ + 2Af(l — 2fc)G2/ is a holomorphic Jacobi form with weight k + 2, index M ; 



(b) — 8ttM^/—1^ + 2M(1 — 2k)G2f is a meromorphic Jacobi form with weight k + 2, index M ; 

(c) ^ + AMnEif is a meromorphic Jacobi form with weight k + 1, index M ; 

{d) Eij^ "I" ^ "I" 2TTM\/—lEif + ^^^^{aG2 + &G2)/ is a meromorphic Jacobi form with weight k + 2, 



index M for any a and b. 

Proof. (a)(b)(c) are direct results of Theorem 3.2 and Proposition 3.5. As for (d), we have the following 
Jacobi forms belonging to Jk+2.M- 

y aw oz y^ Zy 



(El - -)Di{f ) = eM+ AttMV^-EJ 4^mV^4/ 
y aw y y aw 
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Add these three Jacobi forms together, we get the meromorphic Jacobi form 



2i?i-)/ 

y 



■^1 a~ + ^ + 27rA7V-l-fc'i/ / 

ow oz 2y 



And (d) follows easily from this. 



□ 



In [8], Eicher and Zagier gave a one-to-one correspondence between Jacobi forms of index 1, weight k and 
modular forms of weight k — ^, which is given by: 



4n>r2 N=0,3{mod4) 

As we easily see 

L( ^ c(4?i-r2)e2'^^""e2"^™) =47r2(4n-r2) ^ c(4 



Nz 



(3.10) 



_ _2\ 27r\/— ln2 27r\/— Iru; 

n — r )e e ^ 



So the heat operator L corresponds to — 27ri^ in this isomorphism. 

Now we can show that the holomorphic differential operator has connections with differential operators 
on modular forms via this correspondence . There is a holomorphic differential operator L + 2(1 — 2k)G2f 
for Jacobi forms of index 1, and the Serre derivative — 27r-\/— 1^ — kG2 on modular forms. We claim that 
the two operators are compatible with this isomorphism. 

Corollary 3.7. L + 2(1 — 2k)G2f and —2tt\/—1{-^ — ^^^27r — ^^2) are compatible with the isomorphism 
(3.10). 

Proof. This can be easily seen from the proof of the isomorphism (3.10) in [8_. In fact, the bijection from index 
1 Jacobi forms to half integer weight modular forms are actually given by its ^-expansion. Let (j){z, w) G Jk°ii 
then it has ^-expansion as (see [5]) 

(/)(z,w) = ho{z)9i^o{z,w) + hi{z)Oi^i{z,w). 

Set h{z) ~ hoiAz) + ft,i(4z), then h is just the modular form in (3.9). Notice that L kills the 6 functions, so 
we have 

L{(f>) + 2(1 - 2k)G2q) = - 8nV^^9i^oiz, w) - Stt^/^— i(?ia(z, w) 



z OZ 
+ 2(1 - 2k){G2iz)hoiz)ei^o{z, w) + G2iz)hiiz)9ui{z, w)) 
And we immediately see that the correspondence image will be the Serre derivation of h. 



□ 



4. Higher degree cases 

4.1. Jacobi Forms on H x C™. The case of H x C™ does not have virtual difference with the degree 1 
case, and we will just introduce it briefly. 



We use the notation W for (^1,102, 



/ a Jacobi form of weight fc, index M on H x C™, with 

/ Mi,i A/1,2 
A/2,1 ■■• 



M 



E C™, V for {vi,V2, ■ ■ ■ VjnY, the imaginary part of W. For 



M„ 



J 



similar as the degree 1 case, h — /?/''' exp(—47rTr(w*Afu/y))/ is invariant under the action of G'' . So 

, dh ^ \^ dh , 
D{h) = —dz + > ^^dwi 
Oz ^ 



dwi 



is invariant under the action of G 



J 
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Since now we have: 



for any gf=^^^ ^^,(A = (Ai, A2 . . . A^)*, M = (M11M2 • • • Mm)*j 't))^ G'' . Considering the dwi terms for 

every i as before, e Ji,o- 
As 

^ = + 47rv^Ei^^/)/ exp(-47rTr(^;M^;Vy))7, (4.1) 

we see that 

D,,i = 47ry^^^^i^^/ e Jfe+i,M (4.2) 

Continue taking connections on D{h), and considering the translation formula of the dwidwj term in 
D'^{h), we get when i ^ j, 

dwidwj 

is a Jacobi form of wciight 2, index 0. So similarly, we have 

9V + 4^^Sii^ ^ + 4^^Sii^ ^ + ^![^/ _ 16^2 Er^i^M^t EIliA^.-.m _^ 

dwidwj y dwj y dwi y U V 

(4.3) 

is a Jacobi form in Jk+2,M- 

When i = j, still denoting D{dZ) = {dZ, dW*) ^.^J^ ^Pg^ ) ( d ) ' ^® ^^^^ 

s/i^ a^/i dh^ 

1 + Q~2 + Q 3 G •^2,0- 

Thus we get the weight fc + 2, index M Jacobi form: 



0^; 2?/ y owi y 

w ^ dwi ^ y 



(4.4) 



In general, by taking Fi = — 87r\/^ ^^''2^.,^''° , ( M*^ means the cofactor of Mj^^) and then multiplying 



by M*^ on (4.4), futher by taking sums over s and i, we get a Jacobi form: 



- 8TTmV^\M\^ - 4\M\m^ - 167r^m\M\Tv{M[v]/y^)f + l]mM*,|-^ 

, j;^,<M-.S^|f ,^J^f - E :e™l'S^VM.. (4.5, 

i ^ ^ i ^ i ^ 



IMI^ 



On the other hand, multiplying by M*j on (4.3), we get 



dwidwj y dwj y dwi y 
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Adding these to the Jacobi function (4.5) above, we get a Jacobi form of weight k + 2 and index M: 

, — , ,9/ , .tt/c/ . 9V 2m|M|7r 

az y ^ ■■' owiOWj y 

We now define the heat operator for H„_m by 

-8.V^|A//|^ + ^ ^^;.7^ + - MM\^— (4-7) 

owiOW j y y 

Remark 4.1. The holomorphic heat operator Lm was first defined in [6], and is used to define Rankin-Cohen 
brackets. 

If we consider the difference of Lk^Aiif) and Di^i to ehminate the terms. Exphcitly writing them 

out, we have 

is a weight fc + 2, index M Jacobi form. So we get a new differential operator 



9z ^ y dwi 2j/ 

Similar as the degree 1 case, we immediately see that 

df 

SiAf) = yjT^ e Jk+i,M (4.9) 
And by similar method as section 3.2, we can also see that 

52{f)^y^% + yy2v^-^eJk+2,M (4.10) 

We conclude the results in the following theorem 

Theorem 4.2. Dii, D2, Lk^M ,^1.1,^2 o-fe differential operators on the Jacobi forms from Jk,M to Jk+i.M, 
Jk+2,M, Jk+2,M, Jk^iM, Jk-2,M, respectively. 

It has been shown in [7J that all the invariant differential operators arise as their composition, and they 
give a basis of the invariant differential operators. 

As for the holomorphic differential operators, since Ei{z, Wi), G2{z, Wi) and 6*2(2) can be viewed as Jacobi 
forms on Hi,,„ naturally. We can still get differential operators by them. 

Theorem 4.3. Let f e Jk°M, then 

(a) -87rV^|A^|§( + E.., + 2|A/|(m - 2k)G2f G J, 



form 

dw 



al ^ ^i^J dwidwj ^ ^l^'-i IV" ^'^J^2J ^ 'Jk+2,M' 

V-lV at* 



(&) -8^^^/^\M\^ + Y,i,i M*j-g:^-^ + 2\M\{m-2k)G2f is a weight k + 2, index M meromorphic Jacobi 



(c) -S^ + 'iJ2t ^htT^J^i{T, Vi)f is a weight fc + 1, index M meromorphic Jacobi form; 
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4.2. Jacobi Forms on e„ x C^"'"). Let / e Jj^^l^ be a Jacobi form on e„ x C^"'"), let 

hi = det(F)'=exp(-47rTr(MFF-V*)), 
then h = fhij is still invariant under G'^ , and we can consider the dW term in the differential. 



Let 



/ 



d 
dW 



dw\^\ dw2,i 
d 



dw„ 



\ 



d_ 

dZ 



\ — ^ 



2dzi- 



\ — ^ 



29x1,2 



dWm,n 

a 

29X1, n 



Then 



is invariant and 



Z„.,=Iv(||^).Tv(i|.M.), 



dh 



(4.11) 



d{gZ) = {CZ + D)-'dZ{CZ + Dy^ 
d{gW) = dW{CZ + D)-^ + {X-{W + XZ + n){CZ + D)-^C}dZ{CZ + D)'^ 



for any g = 



A B 
C D 



, (A, fi, K)j G G"^ . So if we let 'd = considering the dW term under the action 

of Jacobi group, we find that ^{g{Z, W)) = {CZ + D)'&{Z, W). 

If m = n, we can take determinant of the both sides, and then we get 

det(^?(ff(Z, W))) = det{CZ + D) det(i?(Z, W)). 

And so det{i}{Z, W)) is a weight 1, index Jacobi form. 

For h = fhif, wc will compute dct{-d{g{Z, W))). First we have 



Lemma 4.4. 



oTr(Mvy~^y') 



dw 



Proof. Denote RhyY-^. As 



Tr(MFr-ly*) = M^kVbrRrsVas, 
a,b,r,s 



So 



dTl{MVY-^V^) _dJ2a,b,r,s MabVbrRrsVa, 



2 ^ - 2 

b.r a,s 



= - \/^Y^ibVbrRrj- 



Since M, Y are symmetric, we have ^'rr(Mj^ — v_i _ 



= -y^Y~^V*M. 

Furthermore, as hi = det(F)'= exp(-47rTr(MyF-il/*)), we have 



□ 



dhi 
dW 



l7ry-V*M/ii 



and thus 



det(^(Z,W^))=det(^/ii/+|^//) 



: det(^/ii/ + 47rx/^(y-iy*M)/ii//). 
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We see that det(^// + 4tt^/^{Y-^V*M)) is in Ji,o. So 

Of 



Diif) := det(-4 +47rV=T(V'-V*Af)/) e J„fc+i,„M 
oW 



(4.12) 



If m > n, we can not take the determinant directly. But we can choose n different rows of i9{Z, W), and 
take determinant of the new square matrixes so we can get C{m,n) operators in the form of (4.12). 

By taking an holomorphic /q instead as the degree 1 case, we can easily find that this result also holds 
for non- holomorphic Jacobi forms. So we can also generalize the lowering operator ^i. Considering the 
difference of holomorphic and non- holomorphic differential as before, one can easily deduce that 

det(^/.,/) 

is a weight 1 index Jacobi form. Since det(F)~^ det(c?Z) det{dZ) is invariant under the Jacobi group ([12 ), 
dividing it in the conjugation of the above Jacobi form, we see that 

{det{-^hj) f det(y2) det(dZ)-i 
oW 

is invariant under the action of G'^. Thus 

<5i det(^r) 

is a Jacobi form in Jnk-i,nM- What we discussed above shows that 



Theorem 4.5. (a) — {CZ + D)-^, where W means gW for g = [ 



A B 
C D 



,(A,^,k)] e G-'; 



(&) Ifn = m, for any f E JtM, D,{f) = det(^ + 4n^{Y-^V*'M)f) e Jnk+i 
(c) Ifn — m, with the same f, 6i{f) — det(^=F) is in Jnk-i,n 



2M, 



M- 



(d) If n < m, then by choosing n different rows and taking determinant, we can get Di and 6i for these 
rows. 



Next, we consider the dW^dW term in D^{h), which is 



TY(^^T3dW'dW 



"5 ""'u 



(4.13) 



1<2<771 l<.j<n 

Here and Fg have the same meaning as before, and we have T'^ = VY^^T^ by Theorem 2.2. 

Denote the «-row vector of dW by dW^. We have d(W^) = dWi{CZ + D)-'^ + T, where T is the dZ term. 
The last term c?(X]i<i;<m Ei<j<n Jw '^'^ij ) the invariant form above can be rewritten as 

d , dh 



i<j 



With g|-(^)* 



dwjidwi2 



V 



dwjidwii dwj2dwi\ 



dw-jn dw 



- \ 



J 



for any function h. 



Consider the dW-dWi term in (4.13) for h = fhif. First let's show that 

Lemma 4.6. We have 

(a)ll^ = 2-''('='')-l^/=T(i?fet^?s^ + RksRti), where R = and S{iJ) is the Dirac symbol. 



3(dct(y)) _ 
dZ ~ 



-^det(y)r- 



14 



JIONG YANG AND LINSHENG YIN 



Proof. For (a), R is uniquely determined by the equations: 

s 

where 5 is the Dirac symbol with 

"0 lii^t 
1 if i = i 



5{i,t) 

Taking derivations on both sides, we get: 



^ oZki ^ dZki 

s s 

That is 

-4^ii« + E.n.fitt = if^ = fc 

-4^i?H + E.>l«iit = o ifi = i 

And it is easily checked that if we take = 2~^^'^'''^~^ \/^{RktRsi +RksRu), then the equations above 
are all satisfied, and this finishes the proof of (a). 
For (b), by (a), we have: 

V dZ Jki ' dZki 

- ^ MabVbs{RktRsl + RksRtl)Vat 



4 



= E R-ktVatMabVbsRsl 

a,b,s,t 

and the statement follows. 

As for (c), it is easily checked that ^^^^ = -2^*i-'^y/^{Y^j + F/J, with Y^j the cofactor of Yij. So 

^^y^^ = det(F)y-i follows from the definition of ^. □ 

By this lemma, in (4.13), we see that 

Tr((|^/ii/ - y^fhjY-' - 2V^T,Y-^V'MVY-^fhJ)T:,dWldW^ 

+ Tv(^{^h^f + 4.TTV^Y-^V'MfhJ)VY-^TsdWldW>l+l^{^-^^ ^ ^ 

i 

and 

are all "invariant" under the action of G'^ , if we ignore the dZ part. 
As 

dW^dWi = {CZ + D)-'dW^dWi{CZ + D)''^ + (dZpart), 

dWjdWi has the same translation law as dZ under the action of Jacobi group ignoring the dZ part, so we 
can change it by dZ in (4.14) and (4.15). Notice that taking the transpose does not change the trace, and 
Z,Y are symmetric, we can rewrite Tr{-^hifVY~^TsdZ) as 



We will use this below instead of that of (4.14), and finally we get 
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i ' * (4.16) 

+ Tr((i^i/y-i/ii/+ ly- + 47r\/^F- V*M//ii/yy-i)r3dz) 

and 



Tr 



are really invariant forms. They are quite complicated, but after some calculation below, we can find a 
generalization of the heat operator as combination of them. 
First we compute ( ^iw^ )* 

Lemma 4.7. 

- 167r^{MVY-%{MVY-'),kfhif + 2TrM,j{Y-^)kifhif 

Proof. 

d ,^fhJ^^^ d'fhj 



J y ki dwjkdwa 

d^f , dh, df - df dh, - 
dwjkOWii dwii dwjk own dwjk dwjkOWu 



-hif + 4^\/^(MFy-^),,-^/ii/ + A^^{MVY-')jk^hif 



dwjkdwii ' " ^ ' dwjk ' V \ • J ^^^^ 

- 16n^iMVY-%{MVY-^)jkfhJ+2TrMij{Y-%ifhif 

□ 

Denote i? by Y~^. Multiplying M*j to (4.17), where M*^ arc the cofactor of Mij, then adding all the i,j 
together, we see that the (A:,/)-place of the matrix of the differentials in (4.17) becomes 



ij^j s,t ■' a,b 

- IStT^M*. ^ MirVrsRsl ^ MjaVabRbkf + 2wM*jMijRklf)hif 



(4.18) 



0,6 

-MitxM*( 



If we take = and then multiply M*. on (4.16), we get the matrix as 



87rx/^(^/ii/ - ^^//ii/y-i - 2TrV^Y-W'MVY-'fhif)MitM*, 



8W-1(2 + 2^"^ SW^'-^ + 47rV-iy-'F'M//ii/yy-^)MitM* 
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Taking sum over t, then over i, and considering the (fc, Z)-terni, what we get is 

- 8^y^m|M|(2-i+*('=^')^ - ^L_fji^^)hif- 16Tr^m\M\Y,MatVbsRktRsiVatfhif 

, I df - 1 df - , 

- 87rV^m\M\{--^VstRtkhif + -RitV^tjr^h.f + AnV^AUVbuRukVstRufhif) 

2 owis 2 dwsk 

+ m V M*^—^J—hJ + AnV^m V M*, V M,rVrsRsi^hJ 
^ • dwikowa ^ • ^ dwik 

I t s,r 

- 16^2^ y M*,M,rVrsRsiMjtVtuRukfhif + 2TTm y M*^MuRkifhJ 
Adding this on (4.18), we can deduce that 



Tr((-8^V^|A/||^ + ^M*^.^(^)*-4|M|7rfc/y-i+2™|Af|7r/r-i)/ii/dz) (4.19) 



is invariant under the action of G'^ 



Lemma 4.8. Tr E.., M^, aT^^^ = \M\Tr( ^M'H-§^YdZ 



Proof. 



2J 



2,j,k,l 

= |Af|Trf .^Ar^(^YdZ 
' ' \dW ^dW' 



□ 



Combining this lemma and (4.19) above, we can rewrite the invariant form as 

Tr((-87^^/^|| + ^M-\^Y - 4nkfY-' + 2mi, fY-')h,fdz) (4.20) 

The same as the Siegel modular case in page 9 of I14| , for any symmetric matrix function A, if we have 
Ti{AdZ) invariant under the Jacobi group, then A satisfies the translation law of 

A= {CZ + D)A{CZ + Df 

with A - g{A),g = ^ ^ ) , (A, a^)) e . So now denoting A = {-8ttV^% + ^M-^^f - 
AnkfY^^ + 2rmrfY^^)hif, and taking the determinant, after dividing fhif as before, finally we get 
Theorem 4.9. 

Lk,Mif) det(-87ry^^ + — Af-i(^)* - AnkfY-' + 2m7rfY-') (4.21) 
is a operator from Jk.M io Jnk+2,nM- This can be viewed as a generalization of the heat operator. 



Remark 4.10. The holomorphic part of this heat operator is of much importance in number theory. For 

dZ 

g|^M"^(^r)*) can be used to characterize singular Jacobi forms, which is showed in Theorem 4.1 of (15) . 



example, the operator M := 87r-\/— 1^ — afj/-^^ ^(aw)* '^^'^ used to characterize the cusp condition 
in the definition of skew holomorphic Jacobi forms in [1 . Also, the determinant operator det(87r-v/— 1-^ 



DERIVATION OF JACOBI FORMS FROM CONNECTIONS 



17 



There is also an analogue of D2. Now let /i be a Jacobi form in Jo,oi h is invariant under the action 
of the Jacobi group. Then consider the dW^dW term in D^{h), we see as before 

Tv(§r3<«r.<,»-)H-T.(^ryH..<,»^)H-T.(5:^(|^,.«-.<im; 



i<j 

is invariant if we replace dW^dW by dZ. But actually Tr(^^(^^)*(iZ) is invariant for any i,j by the 
translation law in 4.5(a). So taking = 1, Fg = VY~^, we get the invariant section 

^Q,zy^^vy-^,Z). (4^22) 

Especially for h = fhif, where as before / € Jk°M, the expression (4.22) becomes 

Tr(g.,/dz)+Tr(§//dz)+Tr(^/.,/Vr-.z)+Tr(|^//Vy-dz). (4.23) 
By Lemma 4.4 and Lemma 4.6, the invariant section (4.23) equals 

Trf - ^^^^^fY-^ - f + Any/^Y-^V^ MVY'^ f + ^VY-^)hifdz) 

VdZ 2 ^ V dW ' J 



t 



^ Trf (^ - ^-^/r-i + 27r^Y-'V'MVY-'f + --^VY'^ + -Y'^V'-^ )hjdz) . 
VdZ 2 ■' 2dW 2 dW ' ^ ) 

Then by the same reason as we get the Heat operator, we can easily see that 
Theorem 4.11. 

D2{f) detf - y—l!lfY-^ + 27r^/^Y-W'MVY-^ f + l-^VY-' + -Y-'V'-^')) 
VdZ 2 ■' 2dW 2 dW ' ) 

is a weight nk + 2, index nM Jacobi form. 

Remark 4.12. Actually one can show that B := ^ '§W^'^^^ already satisfies the transformation relation 
B — {CZ + D)B{CZ + _D)* by direct computation, so we don't need to change ^y^VY^^ into its transpose 
in the definition of D2, and thus in 82, K, A and so on in the following of the paper. But we will not 
prove it here, and still use the symmetric matrix. 



At last we come to 82- As analogue of the 1-dimensional case, we compare (4.22) for non-holomorphic / 

||dZ)Ai +Tr(^i 



with (4.23), and get that Tr(||dZ)/ft.i + Tii-g^VY-^dZ)fhi is invariant. So the determinant 



is in J2.0- Taking conjugation and dividing det(F)~^ det{dZ) det(c?Z) as we did before, we get 

Theorem 4.13. 82{f) := det(||r2 + \-§=VY + \YV^^^) is a Jacobi form of weight nk ~ 2, index nM. 

Now we have obtained generalization of the five differential operators of degree 1 to the higher degree 
cases, as summarized in Theorem 1.2 in the introduction. Besides these, there exists some bilinear differential 
operators such as the Rankin-Cohen brackets for modular forms, and for Jacobi forms of degree 1, the 
analogue of these brackets are also defined in [S]- Now we can define some operators for Jacobi forms of 
higher degree by the operators we get above as an analogue of the Rankin-Cohen brackets, although they 
are not bilinear, but holomorphic. 



Theorem 4.14. Let f e Jki,A.h, g e Jfc^.Ms 



M2 



{a)Ifn^ m, then det{M2-Q^g - Mig^f) lies in Jn{ki+k2)+i.nAh 
(b) In general, 

A V„r,.,^^fc.W8../rT^ f r^-2fc, w A M„-i V 



det [-8-V-lj^9{rn-2k2)+g^M,-' j 5(-~2fc.)+8.V^^/(™-2fcO-^M,- /(m-2fc,) 
is a Jacobi form of weight (fci + fe) + 1 and index nMiM2. 
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Proof. For (a), recall the translation law of ^// + AT:y^{Y-^V*Mi) and -§^/9 + 'i-K^f^iY^^V^Ah) 

dWU -^iw/ff' the: 
{CZ + D)d. 



under G"^ , we see that if we let = M2-i^ / f — Mi-^A^/g, then we have 



Thus det(0) e Ji,o and (a) follows easily. 
As for (b), by (4.20), it is known that 

Trf (Siry/^^/f + -^M7^{^flf - AnkiY-^ + 27mTY-^)dZ 
is invariant. And for g we have 

Trf (-87rV^?^/g + J-M-^^Lf/g - ATTk2Y-^ + 2mTiY-^)dZ 

So considering their differences, we find that (b) holds. □ 

4.3. Invariant Differential Operators. In this subsection we will study the invariant differential operators 
for the Siegel-Jacobi space, that is, differential operators invariant under the action of the Jacobi group. For 
the space Hi,„i, things are clear, they just come from the composition of raising and lowering operators, as 
is shown in proposition 2.8 of [7]. While for higher cases, not much is known. What we discussed above for 
the higher degree Jacobi forms help us to get some invariant differential operators in these cases. 
Set 

Y - ^ Y ^ Y - ^ \ Y ^ \ 



dW dWk dW ' ' dW 



k 



dz dw ^ dw ' 

Then we have 
Proposition 4.15. 

Y+ = {CZ + D)Y+; X^=Y^{CZ + D)-^; Y+^k = (CZ + D)Y+^k; Y^,k = Y^^kiCZ + D)- 
X+ = {CZ + D){{CZ + 1_ = {CZ + B)-\{CZ + D)-^X_)'-, 

K = {CZ + D)-' ({CZ + D)K'y ; A ^ {CZ + D)-' ({CZ + D)A' 



Proof. The statement for Y^ has been shown in Theorem 4.5, so 

-^^{CZ + D)^. 

And we have 

Y = {CZ + Dy*Y{CZ + D)-^ ^ {CZ + D)-^Y{CZ + D)-^ (4.24) 

Thus Y- ~ Y-{CZ + D)^^ . The statements for Y+^k and Y-^k can also be checked easily. In (4.22), we know 
that for any h which is invariant under the Jacobi group, TT{Xj^{h)dZ) is also invariant. This means that 

X+ = {CZ + D){{CZ + D)X+y, 

and thus 

K = {CZ + £>)-* ({CZ + D)K^^ ■ A={CZ + D)-' ({C'Z + Z3)A') ; 



X_ = {CZ + D)-^ ({CZ + D)-^X. 



□ 
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Tr{AK) is not invariant, but we have relation 

(^{CZ + D)A'y = A{CZ + DY - '.1±1{Z~Z)C\ 

so we get 

AK^ {CZ + D)-'(^A{CZ + DY - ^1^{CZ + DY + '-^^{CZ + DYyCZ + D)-' (^{CZ + D)K*y 
which can be written as 

AK + ^^^K = {CZ + D)-' [{CZ + D){AK + I^/f)*)* . 

Thus 

r) A- \ ~ 77 + 1 

Ti{AK + —^K) = TriAK + —^K). 

Following H.Maass, we set 

Ai3) = aWa(J-i) - !i±iAA(^-i) + iATr(A(^"-i)) + i(Z - Z)((Z - Z)-1(A*A(J-i)*)*)*. 
By the same argument as in page 111 to 116 of [TT], one can show that 

I^J') = (cz + d)-*((cz + d)a(j)*)*, 

and 

W Tr(A(^)) 

is invariant under the action of the Jacobi group. 
Moreover, if we set 

Til = Tr(y!^,r|,A(-'")), Ukj = Tr(r!,fcy_,x+), v^j = Tr(y+,fey{,;X_), 

then they are all invariant differential operators. 

Theorem 4.16. The operator matrix Y^Y-^- is invariant differential operator matrix on H„ „i, thus each of 
the {k,l) entries of this matrix is an invariant differential operator on E[„.„i . And the operators ,Tjl, i,Uk,i, Vk,i 
are also all invariant differential operators. 

Remark 4.17. The invariant operator Y^Y^ has already been known in proposition 4.2 of [17]. We conjec- 
ture that all the invariant differential operators come as the combination of the operators in Theorem 4.15 
as in the case of Hi_m. 

5. Computation of the connections 

In this section we will give the proof of Theorem 2.2 by direct computation. The notations and idea are 
similar to [M]- Set fl = {(i,i)|l < i < j < n},n' = {{i',j')\l < i' < m,l < j' < n}, and fix the notation 
I = J = (r,s), K = ip,q), L = (a, 6) e 1^; /' = (*',/), J = K' = {p',q'), L' = {a\b') e n in 

the following, we define Zj := Zij, Wj' — Wi'j'. 
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Let R := (Rij) 

nxn — Y . Then the Riemann-metric on the Siegel-Jacobi space in Theorem 2.1 is given 

by 

+ B{Tv{Y-^V'VRdZRdZ) + Tr{R{dWy dW) - Tr{VRdZR{dW*)) - Ti:{VRdZR{dWY)J 



n n n n 



=A ^ ^ ^ ^ ^ ^ ^ ^ RifRjsdZijdZj-s 

i=l j=l r=l 5—1 

n n n n n n n 

+ -6 ^ ^ ^ ^ ^ ^ ^ RraVbaVbkRkidZijRjrdZrs 

i^l i^l i^l 2 = 1 i=l i=l i=l 

n n m m n n n n 

+ BY,Y.Y. RrjdWijdWir ~BY,Y.J2J2Y1 VrkRkidZijRjsdWr. 

r—1 j — 1 i—1 r=l k=l i=l j — 1 s— 1 



7n n n n n 



-BY^JimiH VrkRkidZijRjsdWrs 

r—1 k—1 i—1 j—1 5—1 

=y4^^2l-''(''^')-*('''") X {R„Rjs + RjrR^s)dZrsdZij 
i<j r<s 

+ ^ E E E E E 2-*(^'^)-*('-''^) (ii^fcKfe Kii^Hi?,-. 

i<j r<s k—1 l—l a—1 
+ RskVakVal.RljRir + RrkyakyalRliRjs + RrkVakyalRlj Ris)dZijdZr 



ti ti til 



( 









\ 





























1^3 








+ B ^ ^ ^ RrjdWijdWir 

r—1 j—1 i—1 

-BY^YLHY. ^'^^"•''^VrkiRkiRjs + RkJR^s)dZ,JdWr, 
r=l k=l i<j 5=1 

- E E E E '^-^^'''^VrkiRkiRjs + RkjRis)dZijdWr, 

r=l k=l i<j s=l 

Now the Riemann-metric matrix associated to this metric is given by 

W 

where = {Wlj)i^jen, and 

WIj =A2-^(*'^)-'5('-'«) X {RirRjs + RjrRis) 
n n m 

+ B 2 ^ ''^'"'*^yafc\4;(iis/t;i?;ii?jr + RgkRljRir + RrkRuRjs + RrkRljRis)- 

k=l 1=1 a=l 

= (VF|,j')/en,j'6n' 

n 

fe=i 

= and 

W^3 _^, = 2-^B5{i', s')Rr>f 

To compute the connection, by (2.1), we have to know the inverse of W. Let = {M} 
M2 = {Mlj)i^nj'en' , and M3 = {Ml j,)r^j>^n', with 

1 1 
A/l — Y- Y- 4- —Y- Y 
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k=l 1=1 



Lemma 5.1. Let M 



Afi A'P 
*Af2 
\ 'Af2 / 



, then M is the inverse ofW. 



Proof. (1) Recall that / = {i,j),J = (r, s),and K = [p, q). We have 



Jen 



n n m 

=6{I, K) + ^ + (E E E 2-^-^(-'')-^(-) ^ 

r^s ^=1 1=1 a=l 

{RqkVakValRlrRsp + RqkVakValRlsRrp + RpkVakValRlrRsq + RpkVakValRlsRrq)^ 

n n n m 

=d{I, ^) + ^ E E E E 2"'^"^'' {YirYjriRqkVakV^lRlrRrp + RpkVakValRlrRrq) 



r=l k=l 1=1 o=l 

n n ra 



+ J T^i^^rYj. + Yj^Y,,) (E E E 2-^-^^^"^ = 

r<s k=l 1 = 1 a=l 



{RqkVakValRlrRsp + RqkVakValRlsRrp + RpkVakValRlrRsq + RpkVakValRlsRrq)j 
n n n n m 
=6{I, ^^) + ^EEEEE S-^-^^^'") {YirYjs + YjrY,,) 



r=l s=l k=l 1=1 a=l 
X {RqkVakValRlsRrp + RpkVakValRlsRrq) 

=5(7,i^) + |EEE2-^-'^"'^K.K. 

k=l 1=1 a=l 



(6{i,p)6{j,l)Rgk + S{i,q)6{j,l)Rpk + 6{j,p)d{i,l)Rgk + S{j,q)d{i,l)Rpk) 



E Mfj,Wh^ = E E Mlmr',s')Wl,,g^ir',s') 

JeQ.' r' = ls' = l 



t) 



= - ^ E E (^'•''^^■«' + (E 2^'"^^'''^K'fc(i?fcii?j.' + RkjRis')) 

r' — 1 s' — l k—1 
j-5 m n 

= - A ^ ^ 2-i-^(^'^") (K'iK'fc(<5(j, q)Rpk + S{j,p)Rqk) 

r' = l k=l 

+ Vr'jVr'k{S{i,p)Rqk + S{i,q)Rpk)^ 



Adding these equalities together, wc can easily see that 



E MjjWji, + E Mfj,Wh' = S{I, K) 
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(2) We will now compute J2jen ^ij^jk' + Sj'eo' ^h'^j'K'- Fii'st we have 

E ^}jWjK' =E^(iJ)(r,«)^(r,«)(p',,') 
JgQ r<s 

1 " 



r<s 



B 



fc=i 



and 



^ m n 



So we have 



E + E ^Ij'W^J'k' = 0. 

Jen j'eO' 

(3) We compute X^j^q ^k'j^ji + Sj'eO' ^k'j'^j'i^ which is more complicated. First we have 

JeQ r<s 

n n m 

+ El^pv^g' + Vp,,Yrq,)B E E E 2-i-^(*'^")-^('--«) X 

r<s fc=l 1=1 a=l 

n n 
r=l 5—1 

+ ^ E JZi^P'rYsq' + Vp,sYrg') E E E 2-'-^(''^'^ {RskVakValRliRjr + RskVakValRljRir) 
r=l s=l fc=l 1=1 a=l 

n n p> n n m 

=2-'ii,j)(^J2 Vp>rRriS{q',j) + E Vp'sRsjS{q', i)) + _2-i-*(^.^)-^('-'«) E E E 

r=l s=l fc=l ;=1 a=l 

n n 

(^(yp,rIirjRii5{q' ,k) + Vp,rRriRji5{q',k)) + (^{Vp-sRskRiiS{q',j) + Vp,,RskRjiS{q',i)j^, 

r — -\ S = l 
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and similarly 



X! ^^K'J'Wj'I - X! X! ^'^{p' ..qnir' .s')^ir' ,s'){i,j) 
r'eO' r' = ls' = l 

m n ^ n n ^ 2 

n 
k=l 

m n n n 

= - -2-i-^(^^^) E EEE {Vr'kRkiVpuVMRuS{q',j) + Rt,5{q',i))) 



^ m 71 n 

- -2-l-^(''^^) Y.ll^-'v'^l'^'^r't{RuR,s' +Ri,R^s') 

r' = \ s' = \ t=l 

n 

Now it is easily checked that 

Y Ml..jW]i + Y ^Ik'J'W],j = (5.2) 
Jen ,7'eo' 
(4)At last we calculate Y^j^n^h'^^JK' + E./'en' A^I'j'^^J'i^'- First 

E ^^'/'W^i/^' =E^Ans)(.,')^('.«)(P'.,') 

JGf2 r<s 

B " 

^^(^'rXsj' ~t~ ^i' s^rj'^ 2 ^ '^^p' k^RkrRsq' RksRrp'^ 



A 

r<s k—1 



n n n 



r^l s^l k^l 

71 71 



= - -2-l-^('-'^) E E E Vp'kiV^^rYs,, + V,,sYrr)RkrRs 



B 
2A 

1=1 k=i 



EE + Vp'kV^'iRi,'Sik,j')), 



and 



J'ef2' r'.s, 

m n n n 

r'=l s' = l fc=l i = l 



r'=l s' = l fc=l i = l 

+ jVr>,>V,,s' + ^S{i\r')Yj,,,yit\s')Rr>j' 

^ 71 71 71 

= i^iX^Y.^P'kV,iRkAq',3') + Vp-yV,,,R,,,)+5{q',j')5{z',p'). 



So 



fe=i /=i 

E A^.//' + E ^/'J'^J'A-' = K') (5.3) 
Thus we have shown that WM — I. 

□ 

We will only prove the expression for D{dZ) in Theorem 2.2, the other part is the same. Similarly to 
section 3.2 in [14], we can compute Tj^j as 

dMl^r 
dZi 
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where Tfj means the Christoffel symbol ^, and a, /?, 7 are the indices corresponding to /, J, K respectively. 
For details, see section 3 of [TT. Before the calculation, we define 



^{p,a)(r,s) 



1 if — Zj.g 



iiZpa^ 



Then now we have 



2 /i^ QZj 4 

ien a<b 



4 

a<b fe=l ; = 1 t=l 



{RblRiaRjt + RjaRitRbl + RibRjtRal + RjbRitRal)^ 
-^{'^{pM){r,s)Yqb + Cr{q,b){r,s)Ypa + <^{q,a){r,s)Ypb + <7 {p,b){r,s)Yqa) 



"EE^ ^^^'^^ ^^aRjb{yqb^{p,a){r,s) + YpaC {q^b){r,s) + ^ftO'(g,a)(r,s) + ^gaO'(p,6)(r,s) 



4 

a=l 6=1 



^2"'"'^"'^ EE E ({R^aRlt + RJaR^t)S{q, l)<J(^p,a)ir. 



4 A 

a=l 6=1 fe=l 1 = 1 t=l 



+ {RitRbi + RjtRbi)S{i, q)o'{p^b){r,s) 

+ {RiaRjt + RjaRit)5{p,l)a (q^a){r,s) + [RitRbl + RjtRbl)S{i, p)a^q^b){r,s) 
1 " 

0-(p,a)(r,s) +S{p,j)a(^q^a){r,s)) 



4 

a=l 



+ Rja{S{p, i)a(^q^a){r.s) + S{q, i)(^{p,a)(r,s) ^ 

— EE E ~A'^^^~^'''''^''^kt{RiaR]t + R]aRit){Vkq(^{p^a)(r,s) + ^fcpf (g,a) (r,s) ) 



4 A 

a=l t=l fc=l 

/ T- 77 71 71 777 j-. 



4 ^^^^ A 

6=1 /=i t=i fe=i 



E E E E t2"'"'^"'' ( VfetT4/(i?7ti?6;5(j- g) + R.tRbi^i. q))<^{p,b)(r,s 



+ VktVkl{RitRblS{j,P) + R]tRblKi,P))(^(q,b)(r,s) 



m n n 



2 ^ ■'^ azj 4 ^ 

L'SH' a' = lb' = l/c=l 



777 77 77 

4 ^' E E E 2""^~''''''''^^fe*(-^«*^Ja + ^ja^it)(^fcpO'(<j,a)(r,s) + Vfcq Cr(p_a) (r,s) ) 
fe=l a=l t=l 



So 



1 

- E 2"''^*'^^ (-Rialf^lg, j)cr(p,Q)(r,s) + (^CP, jV(g,Q)(r,s)) + R]a{&{P, {q,a){r,s) + <5('7, j)cr(p,a) (r^s) )) 
a=l 

77 77 77 7?7 

E E E E S2-i-^('^J) (yktVM{{R^tRu5{3, q) + i?,ti^6^<5(^, q))a(p,fc)(,,,)) 



6 = 1 ; = 1 t = l A;=l 



+ VktVM{[R^tRbl5[j,p) + RjtRbiS{i,p)) ^{q,b){r,s) 
li p = q, then F|^j ^ only when Zij and Z^s belong to the same row or column with Zpp. 
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Hi 


= r 


= p, r?j = 


2 -^J" 


iA 


if i 


= s 




p 

2 -"'J'" 


/^B 
4A 




= r 


— ^ I.J — 




iA 


If J 


= s 


— Pj ^ IJ — 


2 -^^-'ir 


s/^B 
iA 



E'fcLi LtLi 1]"=! VktVkiRjtRsi] 

YJk=i EtLi Er=i VktVkiRjtRrv, 

YJk=i LLi SLi VktVkiRitRsi; 

J2T=i J2t=i Zr^i VktVkiRitRri] 

li p < q, we only consider the case when belongs to the same row with Zpg, Zrs belongs to the same 
column with Z^g, other cases are the same. 

Consider the four cases, i=p = j,r = s = q; i— p — j,r<s — q; i — p < j^r — s — q; i— p~r,j — s = 
q respectively, it is easy to see that in each of the cases, we always have 

/ — T j — T T-f m n n 
"t „ V^ti" 



r|S = —Rjr X! X! X! VktVklRjtRrl- 

k=l t=l 1 = 1 



If i = p < j,r < s = q,i r, or j q, we have 



r|j 2~^^'' 4A~ ^ 51 X! ^ktVklRjtRrl- 

k=l t=l 1=1 

The other cases are similar. Then since we can compute D{dZ) as 

D{dZK) = - ^ rf jdZidZj ~ Tf, jdZ'jdZj- Tf j.dZidZ'j^ Y ^f'.J'dZ'idZ'j, 

I.Jen I'eiv.jen len.j'eQ' r,j'en' 

we can easily deduce that the dZdZ part in D[dZ) can be written as 

dZ{^/^Y-'^ + ^ Y-^VWY-^)dZ. 
The other parts can be got in the similar way and finally we can check that 



D{dZ) = -^^-—{dZ,dW') 



' B 



2A '\ T/y-i J \ dW 

Thus we have completed the theorem. 
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